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p^j , Abstract. A cyclic cover over CP branched at four points in- 

herits a natural flat structure from the "pillow" flat structure on 
the basic sphere. We give an explicit formula for all individual 
Lyapunov exponents of the Hodge bundle over the corresponding 
arithmetic Teichmuller curve. The key technical element is evalua- 
tion of degrees of line subbundles of the Hodge bundle, correspond- 
ing to eigenspaces of the induced action of deck transformations. 
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Introduction 

The current paper is an application of a long-standing project of the 
authors on Lyapunov exponents for the Hodge bundle of the Teichmuller 
geodesic flow [EKZj. This application was inspired by the papers |F2] 
and |FM] . where G. Forni and C. Matheus observed that special cyclic 
covers of CP 1 with four branch points (called square-tiled cyclic covers) 
induce arithmetic Teichmuller curves with peculiar properties. 

The geometry and the topology of cyclic covers is well explored; 
some ideas applied in our paper are very close to ones of I. Bouw [B] , 
I. Bouw and M. Moller [BMo] . of C. McMullen [Ms], and of G. Forni, 
C. Matheus, A. Zorich |FMZj . who studied similar cyclic covers in a 
similar context (see also the paper of M. Schmoll |Slf] where certain 
class of cyclic covers appear under the name "<i-symmetric differen- 
tials"). 

In the present paper we give a simple explicit expression for all in- 
dividual Lyapunov exponents for the Hodge bundle over the ergodic 
components of the Teichmuller geodesic flow associated with the above- 
mentioned cyclic covers of CP 1 . We show that these Lyapunov expo- 
nents have a purely geometric interpretation: they are expressed in 
terms of degrees of line bundles contained in the eigenspace decompo- 
sition of the Hodge bundle with respect to the induced action of deck 
transformations. It was observed by D. Chen |Ch] that the sum of these 
Lyapunov exponents is closely related to the slope of the Teichmuller 
curves parameterizing square-tiled cyclic covers. 

Hodge norm. A complex structure on the Riemann surface X under- 
lying a flat surface S of genus g determines a complex ^-dimensional 
space of holomorphic 1-forms Q(X) on X, and the Hodge decomposi- 
tion 

H\X; C) = H lfi (X) © H^\X) ~ Q{X) © Q{X) . 
The intersection form 

(1) (wi,W 2 ) := 2 / ^i AcJ^ 
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is positive-definite on H 1,0 (X) and negative-definite on H 0,1 (X). 

The projections H l >°(X) ->■ ff^XjR), acting as [w] H> [Re(u;)] and 
[u>] i—)- [Im(o;)] are isomorphisms of vector spaces over R. The Hodge 
operator * : iJ 1 (X;M) — >■ /J 1 (X;M) acts as the inverse of the first 
isomorphism composed with the second one. In other words, given 
v G i/ 1 (X;R), there exists a unique holomorphic form oo(v) such that 
v = [Re(u;(i>))]; the dual *v is defined as [Im(w)]. 

Define the Hodge norm of v E iJ 1 (X, R) as 

INI 2 = (w(v),w(u)) 

Gauss— Manin connection. Passing from an individual Riemann 
surface to the moduli stack M. g of Riemann surfaces, we get vector 
bundles H^ = H 1 ' © if ' 1 , and if£ over .M 9 with fibers H\X, C) = 
H lfi {X) © if 0,1 ^), and ff^R) correspondingly over X G M,. 

Using the integer lattices H 1 (X, Z © iZ) and H 1 (X, Z) in the fibers 
of these vector bundles we can canonically identify fibers over nearby 
Riemann surfaces. This identification is called the Gauss-Manin con- 
nection. The Hodge norm is not preserved by the Gauss — Manin con- 
nection and the splitting H^ = H 1,0 © H 0,1 is not covariantly constant 
with respect to this connection. 

The complex vector bundle H 1,0 carries a natural holomorphic struc- 
ture, and is called the Hodge bundle. The underlying real smooth 
vector bundle is canonically isomorphic to the cohomological bundle 
ifjj endowed with flat Gauss-Manin connection. Slightly abusing the 
language, we shall use the same name "Hodge bundle" for the flat bun- 
dle H^. Also, we shall use the same terminology for the pullback of 
if 1 ' ~ H^ under a holomorphic map from a complex algebraic curve 
(which will be a cover of the Teichmuller curve) to A4 g . 

Lyapunov exponents. Informally, the Lyapunov exponents of a vec- 
tor bundle endowed with a connection can be viewed as logarithms of 
mean eigenvalues of monodromy of the vector bundle along a flow on 
the base. 

In the case of the Hodge bundle considered as the cohomological 
bundle, we take a fiber of H^ and pull it along a Teichmuller geodesic 
on the moduli space. We wait till the geodesic winds a lot and comes 
close to the initial point and then compute the resulting monodromy 
matrix A(t). Finally, we compute logarithms of eigenvalues of A T A, 
and normalize them by twice the length t of the geodesic. By the 
Oseledets multiplicative ergodic theorem, for almost all choices of initial 
data (starting point, starting direction) the resulting 2g real numbers 
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converge as t — > oo, to limits which do not depend on the initial data. 
These limits Ai > • • • > \ 2g are called the Lyapunov exponents of the 
Hodge bundle along the Teichmiiller flow. 

The matrix A(t) preserves the intersection form on cohomology, so 
it is symplectic. This implies that Lyapunov spectrum of the Hodge 
bundle is symmetric with respect to a sign interchange, Xj = —\2 9 -j+i- 
Moreover, if the base of the bundle is located in the moduli space 
Tig of holomorphic 1- forms, from elementary geometric arguments it 
follows that one always has Ai = 1. Thus, the Lyapunov spectrum is 
defined by the remaining nonnegative Lyapunov exponents 

A 2 > ■ ■ • > \ g . 

Convention 1. The collection of the leading g exponents {Ai, . . . , X g } 
will be called the nonnegative part of the Lyapunov spectrum of the 
Hodge bundle H^. We warn the reader, that when some of the ex- 
ponents are null, the "nonnegative part" contains only half of all zero 
exponents. 

Cyclic covers. Consider an integer N > 1 and a 4-tuple of integers 
(ai, . . . , a 4 ) satisfying the following conditions: 

4 

(2) 0<a t <N; gcd(/V, oi, . . . , a 4 ) = 1 ; J^a* = ( mod N) . 

i=i 

Let Zi,Z2,Z3,Z4 G C be four distinct points. By Mjv(oi, a 2 , a%, a 4 ) 
we denote the closed connected nonsingular Riemann surface obtained 
from the one defined by the equation 

(3) w N = (z - Zl ) ai (z - z 2 ) a2 (z - z 3 ) aa (z - z A ) ai 

by normalization. By construction, Mjv(oi, 02, 03, a 4 ) is a ramified 
cover over the Riemann sphere CP 1 branched over the points Zi, . . . , z±. 
The group of deck transformations of this cover is the cyclic group 
Z/A r Z with a generator T : M —¥ M given by 

(4) T(z,w) = (z,(w), 

where ( is a primitive A^th root of unity (e.g. ( = (n = exp(27rz / TV)) . 

One can also consider the case when one of the ramification points 
Zi is located at infinity. In this case one just skips the factor [z — Zi) ai 
in 03]). Notice that the integer parameter o^ is uniquely determined by 
three remaining numbers (aj)j^i by relations (J2]). 

Throughout this paper by a cyclic cover we call a Riemann surface 
M N (ai, . . . , a 4 ), with parameters N, ai, . . . , a 4 satisfying relations ©. 
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Square-tiled surface associated to a cyclic cover. Any mero- 
morphic quadratic differential q(z)(dz) 2 with at most simple poles on 
a Riemann surface defines a flat metric g(z) = \q(z)\ with conical sin- 
gularities at zeroes and poles of q. Consider a meromorphic quadratic 
differential 

(5) qo = 7 v C ° ( ,f )2 w r, c„eC\{0}, 

(z - zx)[z - z 2 ){z - z 3 )(z - Z A ) 

on CP 1 . It has simple poles at Z\,z 2 ,z 3 ,Z4 and no other zeroes or 
poles. The quadratic differential go defines a flat metric on a sphere 
obtained by identifying two copies of an appropriate parallelogram by 
their boundary, see Figure [TJ 




Figure 1. Flat sphere with four conical singularities 
having cone angles n. 

For a convenient choice of parameters Z\ , . . . , z± and cq the parallelo- 
gram becomes the unit square. Metrically, we get a square pillow with 
four corners corresponding to the four poles of q . 

Now consider some cyclic cover M^{a\, a 2 , 0,3, 04) and the canonical 
projection p : Mjv(ai, a 2 , 03, 04) — > CP 1 . Consider an induced qua- 
dratic differential q = p*qo on Mjv(ai, a 2 , a 3 , a 4 ) and the corresponding 
flat metric. By construction, the resulting flat surface is tiled with unit 
squares. In other words, we get a square-tiled surface. 

Throughout this paper we work only with such square-tiled (or, 
more generally, parallelogram-tiled) cyclic covers. We refer the reader 
to |FMZj for a description of the geometry, topology and combinatorics 
of square-tiled cyclic covers. 

Convention 2. It would be convenient to "give names" to the rami- 
fication points zi, z 2 , Z3, Z4. In other words, throughout this paper we 
assume that z iy Zj are distinguishable even if a, = dj. 

Varying the cross-ratio {z\ : z 2 : z 3 : 24) (e.g. keeping 3 of 4 points 
fixed and varying the fourth point) we obtain the moduli curve which 
we denote by 
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As an abstract curve it is isomorphic to A^o,4 — CP 1 — {0,1, oo}. 
Strictly speaking, it should be considered as a stack, because every 
curve Mjv(oi, a 2 , a 3 , 04) with named ramification points has an auto- 
morphism group canonically isomorphic to Z/iVZ. The naive notion 
of an orbifold is not sufficient here because the moduli stack in our 
situation is isomorphic to the quotient of .M 0,4 by the trivial action of 
Z/iVZ. In what follows we shall treat Ait ai ),N as a plain curve, in order 
to be elementary. 

The curve M.i ai ),N maps onto the image of a Teichmiiller disc in the 
moduli stack of Abelian differentials with certain multiplicities of ze- 
roes, and forgetting the differential we obtain a Tecihmuller geodesic in 
M. g where g = g(N, ai, . . . , 04) is the genus of curve Mjv(ai, a 2 , 03, a 4 ) 
(see Section 2.1 for an explicit formula for g). Hence M.( ai ),N is a Te- 
ichmiiller curve (e.g. in the sense of |BMo] ) . This is the main object 
of our study. 

1. Statement of results 

1.1. Splitting of the Hodge bundle. Consider a cyclic cover 

X = M N (ai, 02, a 3 , 04) 

over CP defined by equation ([3]). Consider the canonical generator T 
of the group of deck transformations; let 

T*:H\X;C) -+ H\X;C) 

be the induced action in cohomology. Since (T*) N = Id, the eigenvalues 

of T* belong to a subset of {(, . . . , C^ -1 }, where ( = exp I — — J . We 

excluded the root £° = 1 since any cohomology class invariant under 
deck transformations would be a pullback of a cohomology class on 
CP 1 , and tf^CP 1 ) = 0. 

For k = 1 , . . . , N — 1 denote 

V{k){X) := Ker(T* - ( k Id) C H\X; C) . 

The decomposition 

H\X;C) = ®V(k)(X), 

is preserved by the Gauss-Manin connection, which implies that the 
vector bundle H^ over the Teichmiiller curve splits into a sum of in- 
variant subbundles V(k). 
Denote 

V l '°(k) := V(k) D H 1 ' and V^\k) := V{k) n H ' 1 . 
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Since a generator T of the group of deck transformations respects the 
complex structure, it induces a linear map 

T* : H l '°(X) ->■ H l '°(X) . 

This map preserves the Hermitian form (CQ) on H 1,0 (X). This implies 
that T* is a unitary operator on H 1,0 (X), and hence H 1,0 (X) admits a 
splitting into a direct sum of eigenspaces of T*, 

N-l 

(6) H^(X) = Q)V 1 >%k)(X). 

fc=i 

The latter observation also implies that for any k — 1, . . . , N — 1 one 
has V(k) = V l '°{k) © V°'\k). The vector bundle V lfi {k) over the 
Teichmiiller curve is a holomorphic subbundle of H £ . 
Denote 

(7) ti(A;) = {^fc} ,fc = l,...,iV-l, 

where {x} denotes the fractional part of x. Let 

(8) t(fc) =t 1 {k) + --- + U{k) . 

Since (ai + • • • + a^j/N e {1, 2, 3} and gcd(iV, Oi, . . . , a 4 ) = 1, we get 

t(k)e {1,2,3}. 

Theorem (I. Bouw). For an?/ fc = 1, . . . , N — 1 one /ias 

(9) dime V 1>0 (k) = dim c V°'\N -k) = t{N-k)-l 

(10) dim c V(fc) = t{k) +t(N-k)-2e {0, 1, 2} 

For the sake of completeness we provide a proof of this Theorem in 
section 12.11 

It would be convenient to state the following elementary observation. 

Lemma 1. The eigenspace V(k) has complex dimension 

• two, if and only ift{(k) > for i = 1, 2, 3, 4; 

• one, if and only if there is exactly one i 6 {1, 2, 3, 4} such that 
U(k) = 0; 

• zero, if there are two distinct indices i,j £ {1,2,3,4} such that 
U(k) = tj(k) = 0. 

Proof. By formula (fTOj) of I. Bouw one has 
dim c V(k) + 2 = t(k) + t(N - k) = 
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see (EJ) and (jHJ). The statement of the Lemma now follows from the 
following elementary remark. If x + y is integer, then 

, , , , I 1 when \x\ > 0, 
{x} + {y}= < L J 

10 otherwise . 

□ 

The Teichmiiller curve is not compact, but there is a canonical exten- 
sion of holomorphic bundles V 1,0 (k) to orbifold vector bundles at the 
cusps (see the next section). Hence, we can speak about the (orbifold) 
degree of these bundles. 

Theorem 1. For any k such that t(N — k) = 2 the orbifold degree of 
the line bundle V 1,0 (k) satisfies: 

(11) d(k) = min(ti(k),l-t 1 (k),...,U(k),l-U(k)) . 

Moreover, if t(N — k) = 2 the following alternative holds: if t(k) = 2, 
then d(k) > 0; if t{k) = 1, then d(k) = 0. 

Remark 1. Note that t(N — k) G {1,2,3}. Theorem [T] studies the case, 
when t(N — k) = 2. Thus, there remain two complementary cases when 
t(N - k) ^ 2. Namely, when t(N - k) = 1 we get dim V lfl (k) = 0, and 
the bundle V 1,0 (k) is missing. When t(N — k) = 3 we get dim V 1,0 (k) = 
2. We shall show that in this case the orbifold degree of V 1)0 {k) is equal 
to zero. 

1.2. On real and complex variations of polarized Hodge struc- 
tures of weight 1. Let C be a smooth possibly non-compact complex 
algebraic curve. We recall that a variation of real polarized Hodge 
structures of weight 1 on C is given by a real symplectic vector bundle 
£r with a flat connection V preserving the symplectic form, such that 
every fiber of S carries a Hermitian structure compatible with the sym- 
plectic form, and such that the corresponding complex Lagrangian sub- 
bundle S 1 ' of the complexification E<z = £m <E> C is holomorphic. The 
variation is called tame if all eigenvalues of the monodromy around 
cusps lie on the unit circle, and the subbundle £ 1,0 is meromorphic 
at cusps. For example, the Hodge bundle of any algebraic family of 
smooth compact curves over C (or an orthogonal direct summand of 
it) is a tame variation. 

Similarly, a variation of complex polarized Hodge structures of weight 
1 is given by a complex vector bundle £c of rank r + s (where r, s 
are nonnegative integers) endowed with a flat connection V, by a co- 
variantly constant pseudo-Hermitian form of signature (r, s), and by a 
holomorphic subbundle £ 1)0 of rank r, such that the restriction of the 
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form to it is strictly positive. The condition of tameness is completely 
parallel to the real case. 

Any real variation of rank 1r gives a complex one of signature (r, r) 
by the complexification. Conversely, one can associate with any com- 
plex variation (Sc, V,^ 1 ' ) of signature (r,s) a real variation of rank 
2(r + s), whose underlying local system of real symplectic vector spaces 
is obtained from Sc by forgetting the complex structure. 

Let us assume that the variation of complex polarized Hodge struc- 
tures of weight 1 has a unipotent monodromy around cusps. Then the 
bundle S 1,0 admits a canonical extension S 1 ' to the natural compact- 
ification C. It can be described as follows: consider first an extension 
8c of £<c to C as a holomorphic vector bundle in such a way that the 
connection V will have only first order poles at cusps, and the residue 
operator at any cup is nilpotent (it is called the Deligne extension). 
Then the holomorphic subbundle S 1 ' C S c extends uniquely as a sub- 
bundle S 1 ' C S c to the cusps. 

1.3. Sum of Lyapunov exponents of an invariant subbundle. 

Let (£r, V, S 1,0 ) be a tame variation of polarized real Hodge structures 
of rank 2r on a curve C with negative Euler characteristic. For exam- 
ple, C could be an unramified cover of a general arithmetic Teichmiiller 
curve, and S could be a subbundle of the Hodge bundle which is si- 
multaneously invariant under the Hodge star operator and under the 
monodromy. 

Using the canonical complete hyperbolic metric on C one can define 
the geodesic flow on C and the corresponding Lyapunov exponents Ai > 
••• > A 2r for the flat bundle (£r,V), satisfying the usual symmetry 
property X 2r +i-i = -Xi, i = l,...,r. 

The holomorphic vector bundle S 1 ' carries a Hermitian form, hence 
its top exterior power A r (£ 1,0 ) is a holomorphic line bundle also en- 
dowed with a Hermitian metric. Let us denote by a the curvature 
(1, l)-form on C corresponding to this metric, divided by — (2iri). The 
form a represents the first Chern class of S 1,0 . 

Then we have the following general result: 

Theorem. Under the above assumptions, the sum of the top r Lya- 
punov exponents of V with respect to the geodesic flow satisfies 

(12) Ai + • • • + X r - 



2g c -2 + cc 

where we denote by gc - - the genus of C, and by cq - - the number of 
hyperbolic cusps on C. 
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This formula was formulated (in a slightly different form) first in [K] 
and then proved rigorously by G. Forni |Flj . 

Note that a similar result holds also for complex tame variations of 
polarized Hodge structures. Namely, for a variation of signature (r, s) 
one has r + s Lyapunov exponents with sum equal to 0: 

Ai *> • • • 2> \ r > (J ^ ^r+l _ ' ' ' _ "r+s • 

The collection (with multiplicities) {Ai, . . . , A r } will be called the non- 
negative part of the Lyapunov spectrum. We claim that the sum of 
non- negative exponents Ai + • • ■ + A r is again given by the formula (|12p . 

The proof follows from the simple observation that one can pass from 
a complex variation to a real one by taking the underlying real local 
system. Both the sum of non-negative exponents and the integral of 
the Chern form are multiplied by two under this procedure. 

The denominator in the above formula is equal to minus the Eu- 
ler characteristic of C, i.e. to the area of C up to a universal factor 
2tt. The numerator also admits an algebro-geometric interpretation 
for variations of real Hodge structures arising as direct summands of 
Hodge bundles for algebraic families of curves. Namely, let us assume 
that the monodromy of (£, V) around any cusp is unipotent (this can 
be achieved by passing to a finite unramified cover of C). Then one has 
the following identity (see e.g. Proposition 3.4 in |Pe] ) : 



a = deg^ 1 - . 



>c 

In general, without the assumption on unipotency, we obtain that the 
integral (in the numerator) is a rational number, which can be inter- 
preted as an orbifold degree in the following way. Namely, consider an 
unramified Galois cover C — )■ C such that the pullback of (£, V) has 
a unipotent monodromy. Then the compactified curve C is a quotient 
of C by a finite group action, and hence is endowed with a natural 
orbifold structure. Moreover, the holomorphic Hodge bundle on C will 
descend to an orbifold bundle on C. Then the integral of a over C is 
equal to the orbifold degree of this bundle. 

The choice of the orbifold structure on C is in a sense arbitrary, as we 
can choose the cover C' — > C in different ways. The resulting orbifold 
degree does not depend on this choice. The corresponding algebro- 
geometric formula for the denominator given as an orbifold degree, is 
due to I. Bouw and M. Moller in [BMoj . In our concrete example 
of the Teichmuller curve C = J^A( ai ),N — CP 1 \ {0, 1, oo} an explicit 
convenient choice of the cover is the standard Fermat curve C = Fn 
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given by equation x N + y N = 1, x,y E C*, with the projection map 
(x,y)^x N eC\{0,l}. 

1.4. Lyapunov spectrum for cyclic covers. Recall that we have a 
decomposition of the holomorphic Hodge bundle over C = -M( 0i ),jv into 
a direct sum 

l<k<N-l 

coming from the decomposition of complex variations of polarized Hodge 
structures. It induces a decomposition of the variation of real polarized 
Hodge structures 

H^= W R (k) 

l<k<N/2 

in a way described below. 

First consider the case where k is an integer such that 1 < k < 
N - 1, k ^ N/2. By W(k) C H^ denote the projection of the sub- 
bundle V(k) © V(N — k) C i^c to the first summand in the canonical 
decomposition H^ = H^ © iH^. 

By definition W(N — k) = W(k). Note that the roots of unity ( k and 
( N ~ k are complex conjugate. Hence, the subspace V{k) © V(N — k) is 
invariant under complex conjugation, and, thus, 

W c (k) = W C (N -k) = V(k) © V(N - k) . 

Since the bundle H 1,0 decomposes into a direct sum ([6]) of eigenspaces, 
we conclude that 

W € {k) = W lfi {k)®W^{k) , 

where 

W lfi (k) = V lfi (k) © V lfi (N - k) 

W°'\k) = V°> 1 {k) ®V°> l (N - k) . 

The subbundle W{k) of H^ is Hodge star-invariant. 

Note that the subbundles V(k), V(N — k) C H^. of the Hodge bundle 
and the canonical decomposition H^ = H^ © iH^ are covariantly con- 
stant with respect to the Gauss-Manin connection. Hence, the subbun- 
dle W(k) is also covariantly constant with respect to the Gauss-Manin 
connection. 

When N is even, denote by W(N/2) the projection of the subbundle 
V(N/2) C Hq to the first summand in the canonical decomposition 
Hq = H^ © iHfr. Similar to the previous case, 

W c (N/2) = V(N/2) = V lfi (N/2) © V°'\N/2) ; 
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W(N/2) C H^ is Hodge star-invariant and covariantly constant with 
respect to the Gauss-Manin connection. 

The decomposition of H^ into a direct sum of the eigenspaces V{k) 
implies a decomposition into a direct sum of variations of real polarized 
Hodge structures of weight 1 

Hi= W{k). 

l<k<N/2 

Now everything is ready to formulate the Main Theorem. Recall 
that by definition (EJ of t(k) one has t(k),t(N - k) e {1,2,3}. By 
formula fllOp of I. Bouw one has 

dim c V(k) + 2 = t(k) + t(N - k) e {2, 3, 4} . 

Thus, the Theorem below describes all possible combinations of the 
values of t(k) and t(N — k). 

Theorem 2. For any integer k such that 1 < k < N/2 the Lyapunov 
exponents of the invariant subbundle W(k) of the Hodge bundle H^_ 
over C with respect to the geodesic flow on C are described as follows. 

• Ift(k) = 3, then t(N - k) = 1, and 

dim c V(k) = dime V°'\k) = 2 . 

Ift(N - jfe) = 3, then t(k) = 1, and 

dim c V'(Jfc) = dim c V lfi (k) = 2 . 

In both cases diniK W(k) = 4 and a// four Lyapunov exponents of the 
vector bundle W(k) are equal to zero. 

• Ift(k) = 2 and t(N - k) = 1, then 

dim c V(k) = dim c V°^{k) = 1 . 

Ift(N - k) = 2 and t(k) = 1, t/ien 

dim c y(jfc) = dim c F 1>0 (A;) = 1 . 

In both cases dimjK W(A;) = 2 and 6oi/i Lyapunov exponents of the vector 
bundle W(k) are equal to zero. 

• Ift(N-k) =t(k) = 2, then 

dim c V 1,0 (A;) = dim c V°'\k) = 1 , 

and dimjR W(k) = 4. In this case the Lyapunov spectrum of the vector 
bundle W(k) is equal to {2d(k),2d(k),—2d(k),—2d(k)}, where 

d(k) =mm(t 1 (k),l-t l (k),...,U(k),l-U(k)) >0 

is the orbifold degree of the line bundle V l,0 (k). 

• Ift(N -k)= t(k) = 1, then V(k), V(N - k), and W{k) vanish. 
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• Finally, if N is even, and all o, are odd, then dim^ W(N/2) = 2. In 
this case the Lyapunov spectrum of the vector bundle W(N/2) is equal 

to {1,-1}. ' ^ _ _ ^ 

• IfN is even, but at least one oj 'a, is also even, then W(N/2) vanishes. 

Proof. The Lyapunov exponents of the real flat bundle H^, coincide 
with the Lyapunov exponents of its complexification H^ considered as 
a complex flat bundle (as eigenvalues and their norms for a real matrix 
coincide with those of its complexification). The flat bundle Hq is 
decomposed into a direct sum of flat subbundles V{k), k = 1, ... N — 1, 
underlying complex variations of polarized Hodge structures. Hence, 
the non-negative part of the Lyapunov spectrum for H^ is the sum over 
k of the non-negative parts of the spectra of the individual summands 
V(k). For any given k we have six possibilities for the signature (r, s) = 
(t(N - k) - 1 , t(k) - l) of the variation V(k): 

(13) (0,0), (1,0), (0,1), (2,0), (1,1), (0,2) 

according to the theorem of I. Bouw. In all cases except the case 
of signature (1, 1) the corresponding local system is unitary, hence all 
Lyapunov exponents are zero. In the non-trivial case of signature (1,1) 
the unique non-negative Lyapunov exponent coincides obviously with 
the sum of non-negative Lyapunov exponents and hence can be calcu- 
lated by formula (TT2l) . The denominator in this formula is equal to 1 
because our Teichmiiller curve C = Ai( ai ),N is a sphere with 3 punc- 
tures and has Euler characteristics —1. The numerator is twice the 
orbifold degree of the determinant of the holomorphic bundle V^'°\k). 
The latter orbifold degree is the same as the orbifold degree of the line 
bundle V^'°\k) (because V^'°\k) has rank one), and is equal to d(k) 
by Theorem [TJ Hence, we conclude that the contribution of the sum- 
mand V(k) to the non-negative part of the Lyapunov spectrum for H^ 
for cases listed in ( JTB"]) is given by 

0, {0}, 0, {0,0}, {2d{k)}, 0. 

Finally, we can find the non-negative Lyapunov spectrum of the real 
variations W(k), 1 < k < N/2, using the fact that W(k) <g)C = V(k) © 
V(N - k) for k < N/2 and W{N/2) <g> C = V(N/2) for even N. 
Also, notice that in the non-trivial case of signature (1, 1) one has 
d{k) = d(N — k) > 0. The whole Lyapunov spectrum for W(k) is 
obtained from the non-negative part by adding a copy reflected at zero. 

□ 

To illustrate Theorem [2] we present in Appendix [D] a table of quan- 
tities discussed above in a particular case of M 30 (3, 5, 9, 13). 
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Corollary 1. The nonnegative part {Ai, . . . , X g } of the Lyapunov spec- 
trum of the Hodge bundle H^ over an arithmetic Teichmiiller curve 
corresponding to a square-tiled cyclic cover fl3]) can be obtained by the 
following algorithm. Start with the empty set ASpec = 0. For every 
k € {1, . . . ,N — 1} compute t(k) and proceed as follows: 

• ift(k) = 3, then add a pair of zeroes to ASpec; 

• Ift(k) = 2, then add a number 2d(k) to ASpec; 

• Ift(k) = 1, then do not change ASpec. 

The resulting unordered set ASpec coincides with the unordered set 

{Al, . . . , Xg}. 

Here the "nonnegative part" of the Lyapunov spectrum is understood 
in the sense of Convention [TJ 

The proof of the Corollary below is absolutely elementary, so we omit 
it. 

Corollary 2. When N is even and all ai are odd, the top Lyapunov 
exponent Ai = 1 is simple, 1 = Ai > A2. All other strictly posi- 
tive Lyapunov exponents of the Hodge bundle H^ over an arithmetic 
Teichmiiller curve corresponding to a square-tiled cyclic cover ([3]) are 
strictly less than 1 and have even multiplicity. 

2. Hodge structure of a cyclic cover 

In section 12.11 we construct an explicit basis of holomorphic forms 
on any given cyclic cover M^{a\, a 2 , a 3 , 04). All forms from this basis 
are eigenforms under the induced action of the group of deck transfor- 
mations, which gives the description of the dimensions of V 1,0 (k) and 
V 0,l (k). An analogous calculation was already performed by I. Bouw 
and M. Moller, see jB], jBMoj . and by C. McMullen [Ms], so we present 
it here mostly for the sake of completeness. 

In section [231 we compute the degree of V 1,0 {k) for those k for which 
V 1,0 (k) is a line bundle. 

2.1. Basis of holomorphic forms. Recall that t(k) was introduced 
in equation ([S]), and that {x} and [x] denote fractional part and integer 
part of x correspondingly. 

Lemma 2. Consider the meromorphic form 
(14) u = (z- Zl t ...(*- z,t — k 

W K 

on a cyclic cover Mat(oi, a 2 , a^, 04). Fix k and let the integer parame- 
ters 61, . . . , 64 vary. 
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• When t(k) = I, this form is not holomorphic for any parameters 

• When t(k) = 2, the form u^ as in (1T4"1) is holomorphic for bi(k) = 



N k 



and is not holomorphic for other values of hi. 



• When t(k) = 3 there is a two-dimensional family of holomorphic 

, , dz 

forms spanned by the forms Uk i := (z — z{) l . . . (z — zA 4 — r, and 

, dz 

u k ,2 ■= z(z - zif 1 ...(z- z 4 ) bA —r, where bi(k) ■ 



w n 



W K 



morphic form u as in (I14p belongs to this family. 



N k 



Any holo- 



Proof. To prove the Lemma we have to study the behavior of the mero- 
morphic form 

u = (z- z,t ...{z- z^ % 

W K 

in a neighborhood of z — Zi, . . . , z^ and in a neighborhood of z = oo. 
Let £ = lcm(iV, oi). Consider a coordinate u in a neighborhood of a 

point Z\i such that 

i 

(z — Z\) ~ U a i 

Then, in a neighborhood of z\ we have 

a l £ 

W ~ (z — Zi)~n ~ UN 



and 



ijj ~ u a i N °i du 



Thus, the form u is holomorphic in a neighborhood of Z\ if and only if 
the integer 



-h--k+ --1 

a\ JM \a\ 

is nonnegative, which is equivalent to the inequality 

6i + l > — k + — , 

1 - n e ' 



which is in turn equivalent to 



b 1 + l>p. 



Similarly, the conditions 



bi + l>^k, fori = 1,2, 3, 4 
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are necessary and sufficient for u to be holomorphic in neighborhoods 
of Zi, . . . , z±. The latter conditions are equivalent to 



(15) h > 



k 

IN . 



fori= 1,2,3,4 



5 "1 ") *- 1 



where [x] denotes the integer part of x. 

Consider now a coordinate v in a neighborhood of oo, such that 

1 



z ~ - 
v 

Then, in a neighborhood of oo we have 

£"i T. a i 

W r^ Z N ~ V N 

and 

Thus, the form a; is holomorphic at oo if and only if the integer 

is nonnegative, which is equivalent to the following inequality 

4 4 

(16) 2 + 5>^E^- 

«=i i=i 

Together with (IToT) the latter inequality implies 



4 4 

a,- 



'+E3* *££* 

1=1 i=l 

or equivalent ly 

E{^}^- 

i=i 
Passing to the notations ([7j), (jHJ) we can rewrite the latter inequality as 

(17) t{k) > 2 . 

Note that for any k = 1, . . . , N — 1 we have t(k) e {1, 2, 3}. The 
inequality (TT7|) implies that for those k for which t(k) = 1, there are 
no integer solutions 6 1( . . . , 64 of the system of inequalities (TT5l) - (fT6l) . 

For those k, for which t(k) = 2, there is a single integer solu- 
tion &!,..., 64 of the system of inequalities (ITo]) - (IT6|) . namely b { = 
[%k], i = 1,2,3,4. 

Finally, when t(/c) = 3, there is a "basic" integer solution bi = [j$k\ , 
where i = 1,2,3,4, of the system of inequalities (TT5l) -(fl6l). and four 
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other solutions, where precisely one of the integers hi of the basic so- 
lution is augmented by one. The resulting holomorphic forms span a 
two-dimensional family described in the statement of Lemma [2j □ 

Lemma 3. For any cyclic cover Mjv(oi, ci2> a>3, 04), the holomorphic 
forms constructed in Lemma [H for k — 1 , . . . , N — 1, form a basis of 
the space of holomorphic forms. 

Proof. The statement of the Lemma is equivalent to the following iden- 
tity: 

JV-l 



£ (*(*) -!) = </■ 



fc=i 



It is easy to check (see, say, [FMZj ) that the genus g of M N (ai, a 2 , a 3 , a 4 ) 
is expressed in terms of parameters N, a t as 



I 4 

g = N+l--J2^d(a u N) , 



2 

i=l 



and we can rewrite relation (TT8l) as 

4 JV-l 



i=l k=l t=l 

Thus, to prove (fl8|) it is sufficient to prove that 
iv-i 1 

( 1Q ) E{^^} = 2( iV-gcd(ai ' iV) ) fori = l,...,4. 

fc=i 

For any integers a, and iV > 0, a sequence 

{£}•{*£}•■■■ 

is periodic with period T = N/ gcd(N, a). A collection of numbers 

within each period considered as unordered set coincides with the set 

12 T- 1 



rr\ 7 rr\ 1 rri 1 1 rri 
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which forms an arithmetic progression. The sum of numbers in this 
latter set equals (T — l)/2. Hence, 

JV-l 



k=l k=l 



5cd(iV,a) f N \ 1 , „ „ 

-1 = -(N-gcd(a,N)) 



2 \gcd(N ia ) J 2 

which proves ( 1T9|) . D 



Now let us see how relations (Ej) and (TlOl) of the Theorem of I. Bouw 
follow from Lemmas |2] and [3j 

Equation (jl]) describing the action of the group of deck transforma- 
tions implies that all forms constructed in Lemma |2] are eigenforms, 
namely, the form f lLT|) is an eigenform with the eigenvalue (,~ k = C k - 
By Lemma [3] they form a basis of the space of holomorphic forms. 
Hence the forms ( TT4|) give a basis of V 1,0 (N — k) for each individual k. 
Combined with Lemma [2] this observation implies 

dim c V 1,0 (jfe) = t(N -k)-l . 

Clearly, the complex conjugate of an eigenform (THl) is an eigenform 
with a conjugate eigenvalue. Hence, the complex conjugates of f|T4|) 
form a basis in the space of antiholomorphic forms and 

dime V lfi (k) = dime V°'\N - k) . 

This implies that 

dime V(k) = t{k) + t(N - k) - 2 e {0, 1, 2} . 

2.2. Extension of the Hodge bundle and of its direct sum- 
mands to cusps: general approach. Consider a holomorphic fam- 
ily X £ of smooth complex curves of genus greater than one over a 
punctured disc, e G T> \ {0}. By the Deligne-Mumford-Grothendieck 
Theorem this family extends to a holomorphic family of stable curves 
over the entire disc T> if and only if the induced monodromy on the 
bundle H^ is unipotent. 

Geometrically such an extension can be described as follows. The 
complex curves X £ considered as Riemann surfaces endowed with the 
hyperbolic metric get pinched at some fixed collection T = {71, . . . , 7^} 
of short hyperbolic geodesies such that for small e the thick components 
X £ j of X £ — T are "geometrically close" to the irreducible components 
X j of the stable curve X endowed with the canonical hyperbolic 
metric with cusps at the nodal points. The limiting curve X is a 
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regular smooth complex curve if and only if and only if no hyperbolic 
geodesic gets pinched, so that T is empty in this particular case. 

The Deligne extension of the Hodge bundle has the following fiber 
at £ = 0. It consists of holomorphic 1-forms on the smooth locus of the 
stable curve X which have simple poles at double points of X and 
such that the sum of two residues at any double point vanishes. 

Now suppose that in addition we are given a nontrivial holomorphic 
section uj of the Hodge bundle H 1 ' over the punctured disc V \ {0}, 
where u £ G H 1 '°{X £ ). According to the generalization of the Deligne- 
Mumford-Grothendieck Theorem for any such section and for each ir- 
reducible component X j we have an integer number d = d(j, u) such 
that the holomorphic 1-form e~ d u £ restricted to the thick component 
X £ j tends to some well-defined nontrivial meromorphic form CJqj on 
the desingularized irreducible component Xqj. The limiting 1-form 
cDoj is allowed to have poles (possibly of order greater than one) only 
at the nodal points of X j, see [EKZj for details. Note that in general 
the integers d(j, u) vary from one irreducible component X j to the 
other. Define d(u>) G Z to be the minimum of integers d(j, u) over all 
components Xoj. The limit at e — > of e~ d ^co £ is a form with at 
most simple poles at double points, possibly vanishing at some com- 
ponents X j of the special fiber X , and non- vanishing on at least one 
component Xq^. 

Let us assume that the line subbundle of H 1 ' generated by the sec- 
tion ui is the subbundle £ 1,0 corresponding to a direct summand £<£ of 
the variation of complex polarized Hodge structures He, with signa- 
ture (1, 1). Then, outside of the cusp, u gives a section of the canonical 
extension of S 1,0 to the cusp. The latter extension is obviously a direct 
summand of the canonical extension of H 1 ' . Therefore, the order of 
zero of the section u of £ 1,0 at e = is equal to d(uj). 

Finally, if our family does not allow a semi-stable reduction (i.e. the 
monodromy is not unipotent), then one can pass to a finite cyclic cover 
of certain order n > 1 of the punctured disc, and reduce the question 
to the unipotent case. Let us denote by uj the pullback of the section 
uj to the covering. Then the orbifold order of vanishing at e — > of u 
is the order of zero d(u) corresponding to the covering, divided by n. 

One can replace this formula by a "local" one. Namely, for each 
component Xqj of a special fiber of a semistable reduction obtained by 
passing to a finite covering, we associate a rational number r(j,u>) = 
d(j, Cj)/n equal to the fractional order of the zero in e, and then consider 
the minimum over all components. 



20 ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH 





Figure 2. Degeneration of CP 1 with 4 marked points. 

After completing the paper |EKZj we learned that analogous re- 
sults were simultaneously and independently obtained in |GKr] by 
S. Grushevsky and I. Krichever and in |CSS] by K. Calta, T. Schmidt 
and J. Smillie. 

2.3. Extension of the line bundles V l,0 (k) to the cusps of the 
Teichmuller curve. Before passing to the proof of Theorem [I] let us 
discuss how the general setting described in the previous section applies 
to our concrete situation. 

Recall that by Convention [2] all the points Zj are "named" and, thus, 
distinguishable. Hence, the arithmetic Teichmuller curve C = Ai( ai ),N 
can be identified with the space A^o,4 of configurations of ordered 
quadruples of distinct points {z±, z%, z 3 , Z4} on the Riemann sphere con- 
sidered up to a holomorphic automorphism preserving the "names" 
(see |FMZj for details). We fix three points zi,z 2) z A equal to 0,1, 00 
correspondingly. Now, our cyclic cover is defined by a complex param- 
eter z 3 {0,l,oo} which serves as a coordinate on the compactified 
Teichmuller curve C ~ A^o,4 — CP 1 . This curve is a base of the univer- 
sal curve. Under the chosen normalization, a fiber X Z3 of the universal 
curve over a point z 3 G C is defined by equation 

(20) w N = z ai (z-l) a2 (z-z 3 ) as . 

We warn the reader of a possible confusion: we have CP 1 constantly 
appearing in two different roles. On the one hand the Teichmuller curve 
C is isomorphic to CP 1 with three cusps. On the other hand, the fiber 
X zz of the universal curve over C has the structure of a cyclic cover, 
X Zs ~ M]y(ai, a 2 , 03, a 4 ) -> CP 1 ~ Y Z3 , and we have CP 1 ~ Y Z3 in the 
base of this cover. We mostly work with CP 1 in its second appearance: 
it can be viewed as a fiber of the associated universal curve. 

Our goal is to calculate the orbifold degree of holomorphic vector 
bundle V 1,0 {k) on the curve M.( ai ),N — -^0,4, m the case when it is a 
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line bundle. Recall that we have a canonical section of V 1,0 (k) given by 
one of basis elements of H 1 ' , hence the degree coincides with the sum 
of multiplicities of zeroes of this section. All zeroes and poles appear 
only at cusp points. 

A point z 3 e C of the Teichmuller curve approaches one of the three 
cusps when z 3 tends to 0, 1 or 00. The induced monodromy on the 
bundle H^ is not unipotent, therefore we should go to an appropriate 
cover C — > C of the Teichmuller curve (e.g. the punctured Fermat 
curve, see the last sentence in II. 3p . The exact nature of this cover is 
irrelevant. 

The stable curve which arises as the limit as z 3 goes to the cusp on 
C is a cover (possibly ramified at the double point and marked points) 
of a semistable genus zero curve with 4 marked points, which is the 
limit of Y Z3 . The stable curves (with 4 marked points) Yq, Y\ and Y^ 
over the three cusps have the same structure, see Figure [2b. Each of 
them has two components, where each component is a CP 1 endowed 
with three marked points; the two components are glued together by 
identifying a pair of the marked points. 

Geometrically the degeneration of the fiber Y z:i near the cusp can 
be described as follows. The fiber Y Z3 ~ CP 1 has four marked points, 
namely, 0, 1, 00, z 3 . The corresponding hyperbolic surface is a topolog- 
ical sphere with four cusps (a cusp at each of the marked points). Such 
hyperbolic surface can be glued from two identical pairs of pants, where 
each pair of pants has two cusps and a nontrivial geodesic boundary 
curve; the boundaries are glued together by a hyperbolic isometry, see 
Figure [2^. When z 3 approaches one of the points 0, 1, 00 the close hy- 
perbolic geodesic, serving as the common waist curve of the pairs of 
pants, gets pinched, and at the limit we get two identical pairs of pants, 
each having three cusps, see Figure [2b. 

By assumption of Theorem [1] we consider only those values of k, for 
which one has t(N — k) = 2. By formula ([H]) from the Theorem of 
I. Bouw, this implies that dime V 1,0 (k) = 1. By Lemma [2] the fiber 
l Z3 of the corresponding line bundle I = V l,0 {k) is spanned by the 
holomorphic form 

dz 
(21) u = z h \z - l) b2 (z - z 3 ) b *— , h = [a r ■ k/N], 1 = 1,2,3 . 

w K 

To compute the orbifold degree of I = V 1,0 (k) it is sufficient to 
compute the divisor of the section us. Since outside of the cusps the 
section u is nonzero, we have to compute the degrees of zeroes or 
poles of the extension of the section uj at the three cusps 0, 1, 00 of the 
Teichmuller curve C. 
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Following the general approach presented in the previous section we 
introduce a small local parameter e in a neighborhood of a cusp on 
C. Let, for example, the cusp be presented by the point 0. For each 
component X 0t j of the stable curve X we need to find an appropriate 
fractional power r(j,co) G Q of e such that the form e~ r (J> u ) ■ uj on the 
corresponding thick part X £ j of X £ tends to a nontrivial meromorphic 
form on the chosen group of components of the stable curve X j as 
e -)- 0. 

As it will visible from the calculation we, actually, do not need to 
consider individually all irreducible components of the stable curve X . 
We use the projection X — > Y map between the corresponding stable 
curves to organize the components of Xq into two groups correspond- 
ing to preimages of the two components lo,i,^o,2 of the stable curve 
Yq, see Figure [2b. All components A 0jl , . . . , X j m in the same group 
corresponding to lo,a, oc G {1,2}, share the same rational number 
r O) : — r(ji,u) = ■■■ = r(j m ,ui). The minimum min^ 1 ),?^ 2 )) of the 
resulting two rational numbers corresponding to the two components 
^o,i > ^0,2 °f ^o determines the order of a zero or pole of the meromor- 
phic section u of V 1 ' at the cusp in C. The situation for the two 
remaining cusps 1 and oo in C is completely analogous. 

2.4. Computation of degrees of line bundles. In this section we 
prove Theorem [TJ The notations U(k) and t(k) which we use in the 
proof were introduced in equations (TTj) and (jSJ) correspondingly. 

Proof of TheoremUl Let, z% = e — > 0. The base of the cover X Za ~ 
Mjv(ai, a 2 , a 3 , a 4 ) — > CP 1 splits into two Riemann spheres, where and 
z 3 stay in one component, and 1 and oo belong to the other one, see 
Figure [2b. 

Introducing coordinates z = e~ z and w = e n~w in the first 
component we see that 

where a holomorphic form CJ e tends to a nontrivial meromorphic form 
Qq when z% = e — > 0. Here and below "trivial" means everywhere null. 

Remark. Formally, we should introduce n := iV/gcd(ai + 03, N) and 
pass to a ramified n-fold cover T> — y T> of a neighborhood T> of the cusp 

at C, so that e = 5 n . Then z = 5~ n z and w = o~ N w, where the 
powers of S are already integer; see the comments about the orbifold 
degree in sections II. 31 and I2.2I 

On the other component u tends to a nontrivial form when z 3 tends 
to without any renormalization. Hence, our section has singularity 
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0, 61 + 63 + 1 — — k J at this cusp. We proved in 

Lemma |2] that when t(N — k) = 2, we have b{ = \_%k\. Thus, we can 
rewrite the above expression as 

(22) minTo, 61 + 63 + I- ai ^ Q3 fe] = min (0 , l-(h(k)+t 3 (k))) . 

Similarly, the order of the singularity of the section u at the cusp 
z 3 = 1 is equal to 

(23) min(0,l-(t 2 (fc)+t 3 (fc))) • 

Finally, when z 3 — > 00 the base of the cover Mjv(oi, 02, 03, 04) — ^ CP 1 
once again splits into two Riemann spheres, where and 1 stay in one 
component, and 2:3 and 00 belong to the other component. Let z 3 — -, 
and consider the behavior of u on the first component, containing 
and 1, as e tends to 0. 

CIV 

The equation (|20|) of the curve implies that w ~ s~ n . The equa- 
tion ( 12T1) of the form implies that 

U = £(-*. + »*) £ , 

where the meromorphic form £ tends to a nontrivial meromorphic 
form 0o on the first component when z^ 1 — s — )■ 0. 

Introduce the coordinate 5 = — on the second component. The equa- 

tion ( 120|) of the curve implies that u> ~ e n . The equation ( 1211) 
of the form implies that 

where the meromorphic form ip £ tends to a nontrivial meromorphic 
form ip on the second component when z^ 1 = e — > 0. 

By Lemma we have bi = [j^k\. Applying the notations (I7j) for 
U(k) = {frA;} we conclude that the section ui of the line bundle V 1,0 (k) 
has singularity of order 



mm 



(t 3 {k),t 1 (k)+t 2 (k)+t 3 {k)-l) 



at 00. 

Taking into consideration that t(k) = ti(k)+t2(k) + t 3 ( y k) + t 4: ( y k) = 2, 
we can rewrite the latter expression as 

(24) mm(t 3 (k),t 1 (k)+t 2 (k)+t a (k)-l) = 

= t 3 (k)+mm (0,t 1 (k)+t 2 {k)-l) = t 3 (k)+min (0, l-(t 3 (k)+U(k))) . 
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Summing up ( 1221 . ( 1231) and ( 1241) we see that the orbifold degree of 
the section u is equal to 

(25) t 3 (k) + min (0 , 1 - (t^k) + t 3 (k))) + 

+ min (0 , 1 - (t 2 {k) + t 3 (k))) + min (0 , 1 - (U(k) + t 3 (k))) 

Formula ffTl]) for the orbifold degree of the line bundle V 1,0 {k) stated 
in Theorem [1] now follows from the relation (126]) proved in the elemen- 
tary Lemma below. 

Lemma 4. For any quadruple of numbers ti G [0, 1[, satisfying the 
relation t\ + t 2 + t 3 + £ 4 = 2, the following identity holds: 

(26) min (t l5 1 — t±, . . . , £4, 1 — £ 4 ) = 

= £ 3 +min (0, l-(ti+t 3 ))+min (0, l-(t 2 +t 3 ))+mm (0, l-(t 4 +t 3 )) 

Proof. First note, that expression fT25|) . is symmetric with respect to 
permutations of indices 1, 2, 3, 4, just because the initial geometric set- 
ting is symmetric. Since the corresponding quadruples of numbers 
ti(k), taken for different data N, Oi, . . . , 04, form a dense set in [0, l] 4 , 
we conclude that the continuous function in the right-hand side of (|2"oT) 
is symmetric with respect to permutations of indices 1,2,3,4. Hence, 
without loss of generality we may assume that t\ <t 2 <t 3 < £4. Under 
this assumption the left-hand side expression in (126|) takes the value 
min(ti, 1 — £4). 

Consider the expression in the right-hand side. Note that t 2 + £4 > 
t\ + t 3 . Since t 2 + £4 + £1 + t 3 = 2, this implies that £1 + £3 < 1, and 
hence 

min (0 , 1 - (£ x + £ 3 )) = . 

Similarly, since £3 + £4 > £1 + 1 2 we conclude that £3 + £4 > 1 and hence 
min(0, l-(£ 4 + £ 3 )) = l-(£ 4 + £ 3 ) • 

The value of the middle term depends on comparison of £1 with 1— £4. 
If £1 < 1 — £4, then £1 + £4 < 1 and hence t 2 + £3 > 1. In this case we 
get the value £1 for the left-hand side expression in fT26l) and 

£ 3 + + (1 - (£ 2 + £ 3 )) + (1 - (£ 4 + £3)) = 2 - ((£ 2 + £3 + £4) = h 

as the value of the right-hand side expression. 

If £1 > 1 — £4, then £ x + £ 4 > 1 and hence £ 2 + £3 < 1. In this case we 
get the value 1 — £ 4 for the left-hand side expression in (T2"oT) and 

£3 + + + (1 - (£ 4 + £3)) = 1 - £ 4 

as the value of the right-hand side expression. The desired identity is 
proved. □ 
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To complete the proof of Theorem Q] it remains to prove the alter- 
native concerning positivity of d(k) claimed in the statement of the 
Theorem. 

By assumptions of Theorem [I] we have t(N — k) = 2. By formula (Q 
from the Theorem of I. Bouw one gets dime V 1 '°{k) = 1. Hence, 
dime V(k) > 1. Thus, formula (TT0|) from the Theorem of I. Bouw 
implies that t(k) is equal either to 2 or to 1. 

If t(k) = 2, then by formula ffTUl) one gets dime V(k) = 2. By 
Lemma [T] this implies that U{k) > for % = 1,2,3,4. Since by defi- 
nition (J7J) of ti(k) one always has U(k) < 1, formula ffTTT) implies that 
d(k) > in this case. 

If t(k) = 1, then by formula (fTOl) one gets dime V(k) = 1. By 
Lemma [1] this implies that there is an index i e {1,2,3,4}, such that 
U(k) = 0. Thus, in this case formula (ITT|) implies that d(k) = 0. 

Theorem [1] is proved. D 

Appendix A. Hodge bundles associated to quadratic 

DIFFERENTIALS 

Consider a cyclic cover p : M N (a>i, a 2 , a 3 , a 4 ) — >■ CP 1 and a meromor- 
phic quadratic differential p*qo on Mjv(ai, 02, 03, 04) defining the flat 
structure on Mjv(ai, a 2 , 03, 04). Here a canonical quadratic differential 
go on CP 1 is defined by equation (jSJ). The quadratic differential q is a 
global square of an Abelian differential if and only if iV is even and all 
cii are odd, see |FMZ] . 

Suppose that at least one of the following conditions is valid: N is 
odd or one of Oj is even. Then q is not a global square of an Abelian 
differential. There exists a canonical (possibly ramified) double cover 
P2 : X — > Mjsf(ai, 02, 03, 04) such that p\q = u 2 , where u is already a 
holomorphic 1-form on X. 

Let g be the genus of the cover X. By effective genus we call the 
positive integer 

(27) g eff :=g-g. 

The cohomology space H 1 (X, R) splits into a direct sum H 1 (X, R) = 
i?i(A", R) © i7l(X,R) of invariant and antiinvariant subspaces with 
respect to the induced action of the involution p\ : if^X,!^) — > 
H 1 (X,'R). Note that the invariant part is canonically isomorphic to 
the cohomology of the underlying surface, -£T|_(A,M) ~ H 1 (X, R). We 
consider subspaces H}(X, R) and H^_(X, R) as fibers of natural vector 
bundles H]_ and H\_ over the Teichmiiller curve C. The bundle H\ is 
canonically isomorphic to the Hodge bundle H 1 considered above. 
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The splitting H 1 = H\ © H\ is covariantly constant with respect 
to the Gauss-Manin connection. The symplectic form restricted to 
each summand is nondegenerate. Thus, the monodromy of the Gauss- 
Manin connection on H\ is symplectic. The Lyapunov exponents of 
the bundle Hl_ with respect to the geodesic flow on C are denoted by 
Af > • • • > X^g _. As before we have A^ = — A^l fe+1 . It is natural to 
study the Lyapunov spectrum ASpec_ of H\. 

When N is odd, the canonical double cover X over Mjy(ai, 02, a 3, 0-4) 
is again a cyclic cover. Namely, it is the cyclic cover M 2 n{0'i, • • • , a 4 ) 
where a' t := Oj, when Oj is odd and a' t := Oj + N, when <2j is even. We 
can apply Theorem [2] to compute the Lyapunov spectrum of the Hodge 
bundle over M2n(o,' 1 , . . . , a 4 ). By construction, this Lyapunov spectrum 
is a union ASpec_ U ASpec + of Lyapunov spectra of the bundles H~ 
and H + correspondingly. Applying Theorem [2] once more we compute 
the Lyapunov spectrum ASpec + of the Hodge bundle corresponding to 
Mjv(oi, a 2 , 03, 04). Taking the complement of two spectra, we obtain 
the Lyapunov spectrum ASpec_. 

When N is even, and a pair of ai is even, the canonical double cover 
X is not a cyclic cover. However, in this case it is an Abelian cover, 
see IWI. 



Appendix B. Square- tiled cyclic covers with symmetries 

Following I. Bouw and M. Moller, see [BMoj we consider in this 
section a situation when a cyclic cover has an extra symmetry. Passing 
to a quotient over such an invariant holomorphic automorphism we get 
a new square-tiled surface and corresponding arithmetic Teichmuller 
curve for which we can explicitly compute the Lyapunov spectrum. 

The fact that the Lyapunov spectrum corresponding to the "stairs" 
square-tiled surfaces discussed below forms an arithmetic progression 
(see Proposition [2] in the current section) was noticed by the authors 
in computer experiments about a decade ago. Recently M. Moller sug- 
gested that this property of the spectrum is a strong indication that 
the corresponding surface is a quotient of a cyclic cover over an auto- 
morphism (by analogy with examples of non-arithmetic Veech surfaces 
discovered in |BMoj , having the same property of the spectrum) . 

The discussion with J.-C. Yoccoz on possible values of Lyapunov 
exponents of SL(2,IR)-cocycles "over continued fractions" was a strong 
motivation for us to prove a complete integrability in this example. We 
show that the Hodge bundle H^ decomposes into a direct sum of two- 
dimensional covariantly constant subbundles, and that such subbundles 
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over a small arithmetic Teichmuller curve might have arbitrary small 
Lyapunov exponents. 

Consider a cyclic cover of the type M^(a, N — a,b,N — b). In this sec- 
tion we always assume that N is even and all Oj are odd, so p*q^ = oo 2 . 
By convention [2] the four ramification points P\, P 2 , P3, P4 of the Rie- 
mann sphere CP 1 are named, so even when a = b we can distinguish 
preimages corresponding to Pi and to P3. There exists a unique holo- 
morphic involution of CP 1 with interchanging the points in each of 
the two pairs Pi, P 2 and P 3 , P 4 of the marked points. By construction 
it preserves the quadratic differential determining the flat structure on 
CP 1 . This involution induces a holomorphic involution r of the square- 
tiled cyclic cover Mj\r(a, N — a,b,N — b) preserving the flat structure 

in the sense that 

* 2 2 

T CO = CO . 

By construction the involution r also preserves the structure of the 
cover, moreover, it interwinds a generator T of the group of deck trans- 
formations with its inverse: 

(28) tT = T~ l r . 

The latter relation implies that the holomorphic automorphism of the 
cyclic cover defined as r 2 := roT is also a holomorphic involution, and 
that it also preserves the flat structure in the sense that 

* 2 2 

T 2 00 = 00 . 

Note that the latter relation implies that 

t^oo = ±00 . 

Note also that 

T*u = —uo . 

Hence, if one of the two involutions does not preserve 00, then the other 
does. Thus, up to the interchange of notations for the involutions, we 
may assume that 

T*00 = 00 . 

Proposition 1. Let N be even and let a and b be odd. A quotient of 
a square-tiled cyclic cover of the form M N (a, N — a,b,N — b) over the 
involution r as above is a connected square-tiled surface. The Lyapunov 
spectrum ASpec of the Hodge bundle over an arithmetic Teichmuller 
curve of the initial square-tiled cyclic cover can be obtained by taking 
two copies of the Lyapunov spectrum ASpec + of the Hodge bundle over 
the arithmetic Teichmuller curve of the quotient square-tiled surface 
and suppressing one of the two entries "1 ". 
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By convention, by Lyapunov spectrum ASpec we call the top g Lya- 
punov exponents, where g is the genus of the flat surface under consid- 
eration. 

The first statement of the Proposition is a particular case of the 
following elementary Lemma. 

Lemma 5. Let a : S — > S be an automorphism of a square-tiled surface 
preserving an Abelian differential u, which defines the flat structure: 

0*bJ = bJ. 

The quotient surface S/a is a connected square-tiled surface. 

Proof. First note, that if a flat surface (S, u) admits a tiling by unit 
squares, such tiling is unique. (By convention, when S is a torus, it 
is endowed with a marked point serving as a "fake zero".) Hence, 
an automorphism a maps squares of the tiling to squares of the same 
tiling by parallel translations. This implies that the quotient surface is 
square-tiled. 

Let us enumerate the squares by numbers 1, . . . , M. Denote by 7Th, tt v 
permutations indicating the squares adjacent to the right (correspond- 
ingly atop) to every square of the tiling. 

Consider some nonsingular component of the quotient surface. Let 
AC {1, . . . , M} denote the subset of all squares of the initial surface S 
which project to this nonsingular component. The subset A is invariant 
under both it h and n v . Since the initial surface is nondegenerate, it 
implies that A coincides with the entire set {1, . . . , M }. □ 

Remark 2. We have, actually, shown in the proof of the Lemma above 
that a square-tiled surface (S, u) admits a nontrivial automorphism 
a : S — > S, such that a*u = u, if and only if there exists a nontrivial 
permutation a of squares of the tiling, which commutes with both iih 
and n v . 

Proof of Proposition [JJ It remains to prove the statement concerning 
the Lyapunov spectrum. By construction of the involution r, the in- 
duced involution r* on cohomology interchanges the eigenspaces corre- 
sponding to eigenvalues ( k and (~ k = ^ N ~ k : 

(29) r*V{k) = V{N -k) r *V lfi (k) = V lfi {N - k) , 

and preserves the subspaces W(k) C H 1 ^, M) defined in the beginning 
of section 11.41 

For any k such that 1 < k < N/2 we can represent the subspaces 
V(k) © V(N - k), V lfi (k) © V lfi (N - k) and W(k) as direct sums of 
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invariant and anti- invariant subspaces under the involution r*: 

V{k) © V{N -k) = V+{k) © V.(k) 
V lfi (k) © V lfi (N -k) = Vl'°(k) © Vl'°(k) 
W(k) = W+ © W- 



Since for k < N/2 one has V{k) n V(N - k) = {0}, the relations (J25JI 
imply that for fe < iV/2 each of the subspaces V+(fc) and V+' (A;) has half 
of a dimension of the corresponding ambient subspace V(k)®V(N — k) 
and V 1,0 (k) © V 1,0 (N — k). By construction, the subspace V+(k) is 
invariant under the complex conjugation. Hence, the real subspace 
W + (k) has half of a dimension of the ambient real subspace W(k). 
Moreover, W + (k) is a symplectic SL(2,IR)-invariant and Hodge star- 
invariant subspace. 

It follows from the Theorem [2] that if the vector bundle W(k), where 
k < N/2, has at least one nonzero Lyapunov exponent, the bundle 
W{k) necessarily has dimension four, and its Lyapunov spectrum has 
the form {A, A, —A, —A}. Hence, the Lyapunov spectrum of the sub- 
bundle W + (k) of such bundle has the form {A, —A}. 

Note also that by construction the subspaces V(N/2), V 1 '°(N/2) 
and, hence, W(N/2) are invariant under the involution r* which acts 
on these subspaces as an identity map. Thus, V+(N/2) = V(N/2), 
V+'°(N/2) = V lfi (N/2) and W^ + (iV/2) = W(N/2). Recall that the 
Lyapunov spectrum of W(N/2) is {1, —1}. 

Consider now a square-tiled surface S obtained as a quotient of the 
square-tiled cyclic cover M^{a, N — a,b,N — b) over r. Clearly, we have 
canonical isomorphisms 

H\S,C)~ V+(k) 

k<N/2 

(30) H^(S) ~ Vl'°(k) 

k<N/2 

H\S,R)~ W + (k) 

k<N/2 

Taking into consideration our observations concerning the Lyapunov 
spectrum of the subbundles W(k), this implies the statement of Propo- 
sition [1] concerning the spectrum of Lyapunov exponents of the quotient 
surface. □ 

Let us consider in more detail two particular cases. 
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B.l. Lyapunov spectrum of "stairs" square-tiled surfaces. Con- 
sider a following square-tiled surface S(N). Take iV squares and ar- 
range them cyclically into a cylinder of width N and of hight 1. A 
permutation tt/j, which indicates a right neighbor of a square number 
k, is given by a cycle (1, . . . , N). Now identify by a parallel translation 
the top horizontal side of the square number k to the bottom horizon- 
tal side of the square number N + 1 — k. A permutation ir v , which 
indicates a neighbor above a square number k, is as follows: 

(N N-l ... 2 1 
^ ~ ^ 1 2 ... N-l N 

The resulting square-tiled surface is presented at Figure [3J 

N N-l 2 1 



1 



N-l 



N 



Figure 3. Square-tiled surface S(N). 



Convention. Representing a square-tiled surface by a polygonal pattern 
we usually try to respect a decomposition into horizontal cylinders. 
Thus, by convention, an unmarked vertical segment of the boundary 
is identified by a parallel translation with another unmarked vertical 
segment of the boundary located at the same horizontal level. To 
specify identification of the horizontal segments of the boundary we give 
a number of a square located atop of each square of the top boundary. 
When such square is not indicated, it means that we identify the two 
horizontal segments by a vertical parallel translation. 

Note that a general square-tiled surface has neither distinguished 
polygonal pattern nor distinguished enumeration of the squares. 

It is immediate to see that the square-tiled surface S(N) from Fig- 
ure [3] belongs to the stratum H(2g — 2) for iV = 2g — 1, and to the 
stratum 1-L(g — l,g — 1) for N = 2g. Clearly, a central symmetry of 
the pattern from Figure [3] extends to an involution of the surface. This 
involution has two fixed points at the waist curve of the cylinder. It 
also has a fixed point at the middle of each of the N horizontal sides 
of squares. The involution fixes the single zero when N = 2g — 1 and 
interchanges the two zeroes when N = 2g. Thus, the involution has 
2(7 + 2 fixed points, so it is a hyperelliptic involution. We conclude 
that the surface S(N) belongs to the hyperelliptic connected compo- 
nent H hyp (2g — 2), when N = 2g— 1, and to the hyperelliptic connected 
component 'H hyp (g — l,g — 1), when N = 2g. 
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Proposition 2. The Hodge bundle H^ over the arithmetic Teichmuller 
curve of the surface S(N) from Figured decomposes into a direct sum 
o/SL(2, M) -invariant, Hodge star-invariant two-dimensional symplectic 
subbundles 

#R * W+(k) 
k<N/2 

The Lyapunov spectrum ASpec of the Hodge bundle H^ over the cor- 
responding arithmetic Teichmuller curve is 



ASpec 



— , — , — , . . . , — when N = 2g — 1 



'13 5 


N 


N' N'N'" 


■'iv 


2 4 6 


N 


.N'N'N'" 


■'iv 



—,—,—,...,— when N = 2g 



Proof. We show in Lemma [6] that for odd N the surface S(N) in Fig- 
ure [3] corresponds to a quotient of a cyclic cover M 2 jv(2iV — 1, 1, N, N) 
over the involution r defined by equation ( 1281) . Using Theorem [2] and 
Corollary [1] we compute in Lemma [7] the Lyapunov spectrum for the 
Teichmuller curve of M 2 ^{2N — 1, 1, N, N) and apply Proposition [TJ 

Similarly, we show in Lemma M that for even N, the surface S(N) 
in Figure [3] corresponds to a quotient of a square-tiled cyclic cover 
Mn(N— 1, 1, N— 1, 1) over the involution r as in (|28|) . Using Theorem |2] 
and Corollary [1] we compute the Lyapunov spectrum for the arithmetic 
Teichmuller curve of M^(N—1, 1, N—l, 1) and apply Proposition [TJ □ 

Lemma 6. For odd N the surface S(N) in Figure^ corresponds to the 
quotient of the square-tiled cyclic cover M2Ar(2iV — 1, 1, N, N) over the 
involution r as in (12811 . 



Proof. Note that for any integer a < 2N such that gcd(2iV, a) = 1 the 
square-tiled cyclic covers 

M 2N (2N - 1, 1, iV, N) ~ M 2N (2N - a, a, N, N) 

are isomorphic. To simplify combinatorics it would be easier to work 
with M 2N (N + 2,N-2,N,N)~ M 2N (2N - 1, 1, N, N). 

Suppose that the powers N + 2,N — 2,N,N are distributed at the 
corners of a "square pillow" representing our flat CP 1 as follows: 




N-2" 



Let us color the "visible" square of the "square pillow" in white, and 
the complementary square in black. It is easy to see that Figure H] 
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Figure 4. Square-tiled M 2N (N+2, N-2, N, N), where 
iV is odd. A square atop a white one is always black and 
vice versa. 

represents two unfoldings (preserving enumeration of the squares) of 
the same square-tiled cyclic cover M 2 ^(N + 2,N — 2,N,N), where 
we enumerate separately white and black squares by numbers from 
to 2N — 1. Moreover, the natural generator of the group of deck 
transformations maps a square number k to a square of the same color 
having number (k + 1) mod 2N. 
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Figure 5. Quotient of a square-tiled cyclic cover 

M 2N {N + 2, N - 2, N, N) over the involution r. 

In enumeration of Figure H] the involution r defined in equation (128]) 
acts as 

r(k whi te) = (N - 1 - k) bl ack , 

which corresponds to a superposition of the two patterns of our square- 
tiled surface indicated at Figure HI Passing to a quotient over r we 
obtain a square-tiled surface represented at Figure EJ Note, that the 
top horizontal sides of each pair of adjacent squares having numbers 2k 
and 2k + 1 is glued to bottom horizontal sides of a pair of consecutive 
squares number 2N — 2 — 2k and 2N — 1 — 2k. Hence, we can tile the 
surface at Figure [5] with rectangles of size 2x1. Rescaling the resulting 
surface by a contraction in the horizontal direction and by an expansion 
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in a vertical direction, which transforms rectangles of size 2x1 into 
squares, we obtain a square-tiled surface S(N) as at Figure [3J □ 

Lemma 7. The spectrum of nonnegative Lyapunov exponents of the 
Hodge bundle H^ over the Teichmuller curve of a square-tiled cyclic 
cover M2n{2N — 1,1, N, N) has the following form for odd N > 1: 

J 1 1 3 3 JV-2 N -2 

ASpec= j-, -,-,-, ... ,— _ — — 1 

Proof Since gcd(2iV, 2N - 1) = gcd(2iV, 1) = 1, we conclude that 

t 1 (k)>0 and t 2 {k) > for k = 1, . . . ,N - 1 , 
where 



/-,(/,-) = { ^^ • k\ and t 2 (k) = j^L • k 



see (j7j). Since 



2N -1 7 1 , , „ 
■ k + —— ■ k = k e Z 



2N 2N 

we obtain 

ti{k)+t 2 {k) = 1 for fc = l,...,JV-l . 

Note that 

«,(*) = t, ( *) = {^.*} = g 

Hence, by definition (jSJ) of t(A;) and by formula (jUJ) we get 

Trin/,N ,. rrin/,r ,n fl when A; is odd 
dim c \A°(fc) = dim c ^ 1,0 (iV - k) = { 

I when k is even 

Finally, our computation shows that 
2d{k) =2mm(t 1 (k),l-t 1 (k),...,U(k),l-t i (k)) = 

= A forA; = l,3,...,2j + l,...,iV. 

The statement of the Lemma follows now from Corollary [TJ □ 

Lemma 8. For any even N the surface S(N) as in Figure corre- 
sponds to a quotient of a square-tiled cyclic cover M^(N — 1, 1, N — 1, 1) 
over an involution r as in (jGf 



Proof The proof is analogous to the one of Lemma El Suppose that 
the powers iV — 1,1, iV — 1,1 are distributed at the corners of a "square 
pillow" representing our flat CP 1 as follows: 



N - 1 v- ~]N - 1 

I : 




1 
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Figure 6. Square-tiled M N (N -1,1, N-l, 1) for even 
A. A square atop a white one is always black and vice 
versa. 

Figure [6] represents two unfoldings (preserving an enumeration of 
squares) of the square-tiled cyclic cover Mjv(A — 1,1, N — 1,1), where 
we enumerate separately white and black squares by numbers from 
to N — 1, The natural generator of the group of deck transformations 
maps a square number A; to a square of the same color having number 
(k + 1) mod N. 

N-l 2 1 



N-2 



N-l 



Figure 7. Quotient of a square-tiled cyclic cover 
Mn(N — 1, 1, N — 1, 1) over an involution. 

In enumeration of squares as in Figure El the involution r defined in 
equation ( 128]) acts as 

r{k whi te) = (N - k) Mack 

which corresponds to a superposition of the two patterns of our square- 
tiled surface indicated at Figure [6j Passing to a quotient over r we ob- 
tain a square-tiled surface represented at Figure Clearly, it coincides 
with the square-tiled surface S(N) as at Figure |3l □ 

Lemma 9. The spectrum of nonnegative Lyapunov exponents of the 
Hodge bundle H^ over the Teichmuller curve of a square-tiled cyclic 
cover Mn(N — 1,1, A?"— 1,1) has the following form for even N > 2: 



.2244 
ASpeC== ^A' A' A' A'- 



N-2 N-2 



A 



A 



Proof. The proof is completely analogous to the proof of Lemma [7] and 
is left to the reader. □ 
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Proposition [2] is proved. 

Remark 3. Note that the surface S(2N) as in Figure [3] admits an au- 
tomorphism o : S — > S such that a*u = u. In enumeration of Figure [7] 
the corresponding permutation a is defined as 

a(k) = k + N mod 2N . 

One easily checks that S(2N)/cr = S(N). For even N the induced 
double cover S(2N) — > S(N) has two ramification points at the two 
zeroes of S(2N). For odd N the cover S(2N) — > S(N) is unramified. 

This cover extends to an involution of the corresponding universal 
curve, and, thus, induces a map of the Teichmiiller curve of S(2N) to 
the Teichmiiller curve of S(N). The latter map is an isomorphism for 
even N and a double cover for odd N, see section IB.2I below. 

Remark 4. Note that the quotient r of a square-tiled cyclic cover 
M.2n{2N — 1,1, 2N — 1,1) over S(2N) does not extends to an automor- 
phism of the universal curve. In particular, the Teichmiiller curve of the 
square-tiled M 2 n(2N — 1,1, 2N — 1, 1) is a double quotient of the one of 
S(2N), see sect ion IB . 2 1 b elow . There is no contradiction with Proposi- 
tion [TJ if we give names to the four zeroes of M.2n{2N — 1, 1, 2N — 1, 1) 
breaking part of the symmetry (as it was done in Proposition [1]) , the 
Teichmiiller curve of the square-tiled M.2n{2N — 1, 1,2N — 1, 1) will 
become isomorphic to the one of the S(2N). 

A square-tiled cyclic cover M.2n{2N — 1, 1, 2N — 1, 1) admits another 
involution r 2 preserving the flat structure, t 2 uj = ui. It is induced 
from a unique involution of the underlying CP 1 which interchanges the 
points in each of the two pairs Pi,Ps and i^-Ri (the points in each 
pair correspond to the same power 2N — 1 or 1 correspondingly). This 
automorphism commutes with the deck transformations, T2T = TT2 ■ 
The quotient of a square-tiled cyclic cover M 2 n(2N — 1, 1, 2N — 1, 1) 
over T2 is isomorphic to a cyclic cover M2n{2N — 1,1,N, N) tiled with 
rectangles 1 x |. 

Remark 5. A square-tiled cyclic cover M2n{2N— 1, 1, N, N) is obviously 
a double cover over Mn(N—1, 1, N, N). Clearly, a quadratic differential 
p*qo induced from q on CP 1 by the projection 

p:M JV (A^-l,l,iV,iV)^CP 1 

has two zeroes of degrees N — 2 and 2N simple poles. Hence, the cyclic 
cover Mn(N — 1,1, N, N) is a Riemann sphere, which implies that 
M.2n{2N — 1, 1, N, N) is hyperelliptic Riemann surface. Note that the 
square-tiled cyclic cover M 2 n(2N — 1,1, N,N) belongs to the stratum 
1-L(N — 1,N — 1). However, the hyperelliptic involution of this flat 
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surface fixes the zeroes, so the square-tiled cyclic cover M2Jv(2iV — 
1,1, N, N) belongs to the component 7i odd (N — 1,N— 1) and not to 
the hyperelliptic component (see Proposition 7 in |KZ] ). 

B.2. Orbits of several distinguished square-tiled surfaces. For 

the sake of completeness we describe the SL(2, Z)-orbits of square- 
tiled surfaces discussed above. Clearly, these data also describes the 
structure of the corresponding arithmetic Teichmiiller curve. 

All surfaces considered below are hyperelliptic, so their SL(2,Z)- 
orbits coincide with PSL(2, Z)-orbits. We denote generators of SL(2, Z) 

byT= (o i) and5 =(-°i I 

The Veech groups of the " stairs" square-tiled surfaces which appear 
in the orbits of surfaces S(N) were found by G. Schmithusen in [Sj; 
the generalized " stairs" square-tiled surfaces are studied by M. Schmoll 
in EH. 



LYAPUNOV SPECTRUM OF SQUARE-TILED CYCLIC COVERS 



37 



I 



® 



®o- 



T 



S (D 



® 






The picture above (correspondingly below) represents the SL(2,Z)- 
orbit of the surface S(N) from Figure |3] when N is even (correspond- 
ingly odd). The bottom picture represents the SL(2, Z)-orbit of the 
square-tiled M N (N - 1, 1, N - 1, 1). 



10® 



rp O ^ O T^ 




5 



3® ® 



cff 



:S8 



ALEX ESKIN, MAXIM KONTSEVICH, AND ANTON ZORICH 



Appendix C. Homological dimension of the square-tiled 

M N (N - 1,1, N -1,1) 

The following characteristic of a square-tiled surface is important for 
applications, see |F3j . Given a square-tiled surface So, consider a col- 
lection of cycles C\, . . . , Cj representing the waist curves of its maximal 
horizontal cylinders, and let d(So) be the dimension of the linear span 
ol Ci, ... ,Cj in Hi(Sq, IR). The homological dimension of an arithmetic 
Teichmiiller curve corresponding to a square-tiled surface So is defined 
as the maximum of d(S) over S in the PSL(2, Z)-orbit of So. 

Answering the question of G. Forni we show that the homological 
dimension of the arithmetic Teichmiiller curve corresponding to the 
square-tiled cyclic cover M^{N — 1,1,N — 1, 1) for even N is maxi- 
mal possible: it is equal to the genus g of the corresponding Riemann 
surface. 
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Figure 8. A horizontal deformation of the square-tiled 



cyclic cover Mn(N 



1,1 



N 



1,1) 



The square-tiled cyclic cover M^{N — 1,1, N — 1,1) was discussed in 
the previous section. It has four conical singularities with cone angles 
Ntc. The corresponding Abelian differential has four zeroes of degrees 
N/2 — 1. Hence the underlying Riemann surface has genus g = N — 1. 

The PSL(2, Z)-orbit of the square-tiled M N (N -1, 1, N -1, 1) is rep- 
resented at the bottom picture at the end of section IB. 21 Consider a 
deformation of surface 3 from this orbit as in Figure [HJ By Ii,...,In 
we denote the lengths of the horizontal sides of the corresponding rect- 
angles. 

The integrals of the holomorphic form u representing the flat struc- 
ture over the cycles c\, . . . , cn-i are equal to h + h, h + h, • • • , In-i + In 
correspondingly. Since Ii,...,In are arbitrary positive real numbers, 
we can chose them in such a way that the integrals over C\, . . . , Cn_i 
become rationally independent. Hence, the integer cycles C\, . . . , cat_i 
are linear independent over rationals and, thus, linear independent over 
reals. Since g = N — 1 they span a g- dimensional Lagrangian subspace. 
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Appendix D. Cyclic cover M 30 (3,5,9, 13) 

The table below evaluates the quantities discussed in this paper in 
a concrete case of the square-tiled cyclic cover M 30 (3, 5, 9, 13). 



k 


*<*) = {£*} 


t(k) 


dim V 1 ' 


dim V ' 1 


diml^ 


A 


1 


1/10 


1/6 


3/10 


13/30 


1 





2 


2 


— 


2 


1/5 


1/3 


3/5 


13/15 


2 


1 


1 


2 


4/15 


3 


3/10 


1/2 


9/10 


3/10 


2 


1 


1 


2 


1/5 


4 


2/5 


2/3 


1/5 


11/15 


2 


1 


1 


2 


2/5 


5 


1/2 


5/6 


1/2 


1/6 


2 


1 


1 


2 


1/3 


6 


3/5 





4/5 


3/5 


2 


1 





1 





7 


7/10 


1/6 


1/10 


1/30 


1 





2 


2 


— 


8 


4/5 


1/3 


2/5 


7/15 


2 


1 


1 


2 


2/5 


9 


9/10 


1/2 


7/10 


9/10 


3 


2 





2 


0; 


10 





2/3 





1/3 


1 











— 


11 


1/10 


5/6 


3/10 


23/30 


2 


1 


1 


2 


1/5 


12 


1/5 





3/5 


1/5 


1 





1 


1 


— 


13 


3/10 


1/6 


9/10 


19/30 


2 


1 


1 


2 


1/5 


14 


2/5 


1/3 


1/5 


1/15 


1 





2 


2 


— 


15 


1/2 


1/2 


1/2 


1/2 


2 


1 


1 


2 


1 


16 


3/5 


2/3 


4/5 


14/15 


3 


2 





2 


0; 


17 


7/10 


5/6 


1/10 


11/30 


2 


1 


1 


2 


1/5 


18 


4/5 





2/5 


4/5 


2 


1 





1 





19 


9/10 


1/6 


7/10 


7/30 


2 


1 


1 


2 


1/5 


20 





1/3 





2/3 


1 











— 


21 


1/10 


1/2 


3/10 


1/10 


1 





2 


2 


— 


22 


1/5 


2/3 


3/5 


8/15 


2 


1 


1 


2 


2/5 


23 


3/10 


5/6 


9/10 


29/30 


3 


2 





2 


0; 


24 


2/5 





1/5 


2/5 


1 





1 


1 


— 


25 


1/2 


1/6 


1/2 


5/6 


2 


1 


1 


2 


1/3 


26 


3/5 


1/3 


4/5 


4/15 


2 


1 


1 


2 


2/5 


27 


7/10 


1/2 


1/10 


7/10 


2 


1 


1 


2 


1/5 


28 


4/5 


2/3 


2/5 


2/15 


2 


1 


1 


2 


4/15 


29 


9/10 


5/6 


7/10 


17/30 


3 


2 





2 


0; 



Here V 1 ' , V°>\ V denote V lfi {N - k), V°'\N 
spondingly. 



k), V(N — k) corre- 
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Lyapunov exponents in the right column of the table are constructed 
following the algorithm from CorollarydJ The cyclic cover M 30 (3,5,9,13) 
has genus g = 25. The table also illustrates Lemma [TJ depending on 
how many of ti(k), where % = 1,2,3,4, are null for a given k, the 
eigenspace V(k) might have dimension 0, 1 or 2. 

The resulting spectrum {Ai, . . . , A25} is presented below: 

where powers denote multiplicities. 
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